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CBM+SI Far-term Vision
per AFRL CBM+SI Workshop - Feb 2009

)����$����&��*� Real-Time, High-Fidelity Operational Decisions for 
Individual Aircraft Enabled by Tail Number Health Awareness

' When physical aircraft is delivered, a Digital Model of the aircraft ( specific 
to that tail number, including deviations from the nominal design ( will be 
delivered as well.

' The Digital Model will be flown virtually through 
the same flight profiles as recorded for the 
actual aircraft by its on-board SHM system.

' The modeling results will be compared 
to sensor readings recorded by the SHM 
system at critical locations to update /
calibrate / validate the model.

' As unanticipated damage is found, it will be added to the Digital Model so 
that the model continually reflects the current state of the actual aircraft.

' Prognostics � "�$�����"�"����&���������%�� !����'�)��'���*�$�������$���� ����
through possible future missions.

' The Digital Model will be used to determine when & where structural damage 
is likely to occur, and when to perform maintenance.

Distribution4Statement4A4
Approved4for4public4release:4distribution4is4unlimited.
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' In ten years, aircraft lifecycle management and maintenance 
practices will be completely transformed from an inefficient, 
inconsistent, disparate, and labor-intensive state to an 
efficient, standardized, integrated, and semi-autonomous state.  

' The structural capability of individual airframes will be known 
and predictable based on the capability to characterize the 
current health status, predict the future health status, and 
plan usage and maintenance accordingly. 

' Risk of structural failure will be quantified and 
safety will be enhanced. 

' The inspection and repair burden will be 
diminished and cycle times for inspections, 
repairs, and modifications will be greatly reduced. 

' The remaining useful life of airframes will be extended. 
' As a result of all of these improvements, aircraft availability 

will be increased and O&S costs will be reduced.

CBM+SI Mid-term Vision
!�"��������"��������#���"��$ "�$�+#�)��#� ������*

Distribution4Statement4A4
Approved4for4public4release:4distribution4is4unlimited.



Risk Assessment 
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Purpose
1. Probabilistic damage tolerance analysis requires very 

small probabilities, e.g., 1E-7, hence, a large number or 
samples are required.

2. Previous methods allow for a deterministic crack growth 
curve and do not consider randomness in crack growth 
rate properties and other random variables.

3. Surrogate models, e.g., Kriging, can be used to speed up 
the analysis but are still time consuming and the 
accuracy may not be sufficient.

4. SmartDT users may not have access to Afgrow and 
Nasgro. 

5. As a result, an ultrafast internal crack growth lifing code 
and strategy was developed, implemented, and verified
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Why our own Crack Growth Module

ü Purpose: Smart|DT has a directly link with Nasgro and AFGROW. These 
codes are state-of-the-art and in use by the industry but are too time 
consuming to execute and require a license by the user.
ü Nasgro: File-based interface. Runs in parallel. Requires $4K license. Free for FAA 

users. Interface currently stuck at V7.1 (current version 8.11). Expected new Nasgrow
interface in 2018.

ü Afgrow: COM interface: Windows only, no file transfers. Requires $1K License for all 
users. Does NOT run in parallel. Will stay up to date with Afgrow.

ü Solution: Embed a crack growth lifing algorithm within Smart|DT for 
efficiency and convenience.
§ Should be MUCH faster, 1000X or more, than commercial codes.
§ Will not require any user fees or another software install.
§ Will run in parallel.
§ Requires significant coding and verification.
§ Will have only ESSENTIAL capabilities needed for PDTA.



Why our own Crack Growth Module

ü Typical run times w Monte Carlo (1B samples): 
ü 1) Master Curve:

ü 1 CG (30 sec), 1B interpolations->3 hrs on 8 processors
ü 2) Kriging : 

ü 400 CG (1/2 hr), 1B interpolations-> 20 hrs on 8 processors
ü 3) Standard Monte Carlo, 1B samples

ü General CG: 30s/run on 8 processors = 43K days = 118 yrs!
ü If internal CG code 1000x faster -> 43 days
ü If internal CG code 10,000x faster -> 4.3 days
ü If internal CG code 100,000x faster -> 0.43 days = 10 hrs

ü 4) Numerical Integration
ü 100K CG -> 800 hrs on 1 processor
ü If internal CG code 1000x faster -> 0.8 hrs

ü 5) Numerical Integration w Kriging
ü 400 ICG  (2s), 100K interpolations-> 100s on 1 processor

ü 6) Importance Sampling
ü Internal CG for optimization then 0K ICG -> 1 hr

(only 3 random variables)
(N random variables)

w/o inspection

Current estimate



Ultrafast Approach

1) Create an equivalent constant 
amplitude from an arbitrary spectrum

2) Use an internal adaptive time stepping 
Runge-Kutta algorithm to grow the 
crack (Cycles become the independent 
variable)

3) Collect the top 100 (or so) damaging 
realizations for further examination 
and potential reanalysis

10



Internal CG Code

VA CA

da
dN

−C(ΔK(a,c))n = 0

dc
dN

−C(ΔK(a,c))n = 0

Initial  Conditions : a(0) = ai,c(0) = ci

ODE 
Formulation

RK ODE 
Solver

Crack Growth Result

N
a



The key idea is to derive an equivalent stress 
transformation based on the statistical description of 
the random loading, such as the probabilistic 
distribution of applied stress range and stress ratio.

Equivalent Stress

T. Swift, Repairs to Damage Tolerant Aircraft, Int. Symposium on Structural Integrity of Aging Airplanes, Atlanta, GA, March 1990
Y. Xiang and Y. Liu, Equivalent Stress Transformation for Efficient Probabilistic Fatigue-Crack Growth Analysis under Variable Amplitude Loadings, J. 
Aerospace Eng., 2016



Equivalent Stress Formulation

■ Above derivation using basic Paris Law with constant !" =
$%&'

$%()
for clarity

■ Extends to other crack growth laws – as long as there is no dependency 
between the stress spectrum and crack size
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Equivalent Stress

Δσ eq =
ni
N Tot

(1− Ri )
(m−1)n( )Δσ in

i =1
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Equivalent Stress Transformation for Efficient Probabilistic Fatigue-Crack Growth Analysis under Variable Amplitude Loadings
Yibing Xiang and Yongming Liu
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Excel example
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VA CA



Eq. Stress Examples
Through Crack in a Hole
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Variable Value
Width 2.5 in.

Hole Offset 1.25
Thickness 0.25 in.
Hole Size 0.156 in.

Eq. spectrum 10.01 KSI
C 1.0E-09

Paris_m 3.8
Walker_m 0.5

ci 0.005 in

100 Flights

All solutions using Afgrow



Eq. Stress Examples
Corner Crack in a Hole
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Variable Value
Width 4 in.

Hole Offset 0.5
Thickness 0.25 in.
Hole Size 0.156 in.

Eq. spectrum 10.01 KSI
C 1.0E-09

Paris_m 3.8
Walker_m 0.5

ai = ci 0.005 in

100 Flights

All solutions using Afgrow



Eq. Stress Examples
Surface Crack in a Hole
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Variable Value
Width 2.5 in.

Hole Offset 1.25

Thickness 0.25 in.

Hole Size 0.156 in.

Eq. spectrum 10.06 KSI

C 1.0E-09

Paris_m 3.8

Walker_m 0.5

ai = ci 0.005 in

100 Flights

100 Flights

All solutions using Afgrow



Eq. Stress Examples
Through Crack in a Lug
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Variable Value
width 4 in.

Thickness 0.62 in.
hole Size 1.75 in.

Eq. spectrum 8.3 KSI
C 3.98E-10

Paris_m 4.4
Walker_m 0.58

ai 0.005 in

100 Flights

All solutions 
using Afgrow



Over Load Example
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Variable Value
Width 4 in.

Hole Offset 0.5
Thickness 0.25 in.
Hole Size 0.156 in.

C 1.0E-09
Paris_m 3.8

Walker_m 0.5
ai = ci 0.005 in

Eq. Spec = 16.1 KSI

All solutions using Afgrow



Bilinear Paris Example
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Variable Value
Width 4 in.

Hole Offset 0.5
Thickness 0.25 in.
Hole Size 0.156 in.
Walker_m 0.5

ai = ci 0.005 in

Variable Value
C1 1.0e-009
m1 3.8

Eq. Spec1 10.062 KSI
C2 1.0e-009
m2 2.5

Eq. Spec2 9.620 KSI

All solutions using Afgrow



Fast ODE Solver
q Based on best practices from well known and available 

ODE solvers, e.g., Petsc, Sundials, RKSuite
q Paired Runge-Kutta implementations, 2(3), 4(5), 7(8), 

e.g., 4th and 5th order solutions computed simultaneously. 
Gives high quality error estimate.

q Automatically selects step size based on user input and 
error estimate. Produces large steps early in the life, 
smaller steps later.

22
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RKSUITE_90
■ Developed by Richard Brankin and Ian Gladwell

■ Incorporated into NAG ODE library

■ 3 paired Runge-Kutta implementations (2-3, 4-5, 7-8)

■ Range and step integration methods

■ Automatically selects initial step size

■ Initially used module variables for integral parameters
– For Parallelization in SMART|DT, the code was modified to use 

Fortran 2008 extensible types to pass integral parameters 23



Example Bogacki-Shampine
4-5 pair

■ Quick example using erf, starting at x=-1.5, stepping to x=0.5
■ This RK pair uses 8 stages per step
■ … stage 1 …

24
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Example Bogacki-Shampine
4-5 pair

■ … stage 2 …
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Example Bogacki-Shampine
4-5 pair

■ … stage 3 …
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Example Bogacki-Shampine
4-5 pair

■ … stage 4 …
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Example Bogacki-Shampine
4-5 pair

■ … stage 5 …
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Example Bogacki-Shampine
4-5 pair

■ … stage 6 …
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Example Bogacki-Shampine
4-5 pair

■ … stage 7 …
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Example Bogacki-Shampine
4-5 pair

■ … stage 8 …
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Example Bogacki-Shampine
4-5 pair

■ For Runge-Kutta formulas, the order of the method is determined by 
constraints satisfied by the coefficients

■ Different linear combinations of the same stages can produce both 4th

and 5th order estimates of yn+1
32
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q εi is the absolute value of the difference between 5th and 4th order evaluations of the 
crack size

q Constants b and d determined empirically by the authors
q Step size is increased or decreased depending on the ratio of the user–defined

tolerance to the error
33

Adaptive Step Size Control

hnext = hcurrent ×b
tol
εi

"

#
$

%

&
'

d

4th order approximation
5th order approximation

εi

5th
4th

da
dN

= f (a,c,Kc,C,m,β(a))
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Variable step sizes - corner crack integration

Adaptive Step Size Control



Internal K-Solutions

Plate Hole

Thru

Corner
(Newman-Raju)

Surface
(Newman-Raju)

35

• Tension Loading only, 
bending / pin loading 
not implemented yet

• Centered Hole only
• Weight functions not 

implemented

Newman-Raju



Beta Tables

■ Can use AFGROW / NASGRO to 

generate beta tables for any solution

■ Allows ICG to solve any crack models 

with high accuracy
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! Thru crack betas

c1 β1

c2 β1

… …

cN β1

! C-tip direction

a1 a2 … aN

c1 β11 β12 … β1N

c2 β21 β22 … β2N

… … … … …

cN βN1 βN2 … βNN

! A-tip direction

a1 a2 … aN

c1 β11 β12 … β1N

c2 β21 β22 … β2N

… … … … …

cN βN1 βN2 … βNN



Beta Table
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Example Problems
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da
dN

−C(ΔK(a,c))m = 0

dc
dN

−C(ΔK(a,c))m = 0

Initial  Conditions : a(0) = ai,c(0) = ci

■ Solve the first order ODE (thru crack) or the coupled 
system of ODEs (corner, surface).

■ N – independent variable
■ a,c – dependent variables. 



▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽▽▽▽▽▽
▽▽▽▽▽

▽▽▽▽▽
▽▽▽▽▽

▽▽▽▽▽
▽▽▽▽▽

▽▽▽▽▽
▽▽▽▽▽

▽▽▽▽▽
▽▽▽▽▽

▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽▽
▽▽▽▽
▽▽▽▽
▽▽▽▽▽
▽▽▽▽
▽▽▽▽
▽▽▽▽
▽▽▽▽
▽▽▽
▽▽▽▽
▽▽▽▽
▽▽▽
▽

△△△△△△△△△△△△△△△△△
△△△△△△△△△

△△△△△△△
△△△△△△

△△△△△△
△△△△△

△△△△
△△△△

△△△△
△△△

△△△
△△

△△
△△

△△
△△

△△
△
△
△
△
△
△
△

△

△

� ����� ������ ������ ������
���

���

���

���

���

���

�

��
�

���������� �� ������� ������ ��� ����������� �������

Through Crack at Hole
(Tension)

■ Cparis = 10-9, nparis = 3.8, delsigma =10.062 ksi
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Corner Crack at Hole
(Tension)

■ Cparis = 10-9, nparis = 3.8, delsigma =10.062 ksi
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26 secs in Afgrow using cycle-
by-cycle integration
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Surface Crack at Hole
(Tension)

■ Cparis = 10-9, nparis = 3.8, delsigma =10.062 ksi
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Thru Crack at Lug
(Tension)

■ Cparis = 10-9, nparis = 3.8, delsigma =8.3 ksi
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Crack Growth Capabilities
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Afgrow Nasgro ICG

Create avsn Y Y coming

MCS Y Y Y

NI Y Y coming

Kriging Y Y coming

RUL Y Y coming

K solutions Comprehensive Comprehensive Newman-Raju
Read Beta tables 

(tension only)

Weight functions Comprehensive Comprehensive N

Net section yield Y Y coming

Retardation Y Y N

Adaptive error control % ∆a % ∆a RK4(5)

Parallel capable N Y Y (multi-threaded)



Internal CG Code

VA CA

da
dN

−C(ΔK(a,c))n = 0

dc
dN

−C(ΔK(a,c))n = 0

Initial  Conditions : a(0) = ai,c(0) = ci

ODE 
Formulation

RK ODE 
Solver

ICG Capabilities
Method 4-5th order Runge-Kutta
Accuracy Error controlled by user tolerance
Speed ~20000/sec single proc.
Parallel 95% speedup on 8 proc.
K solutions Newman-Raju, read beta tables

Crack Growth Result

N
a



Conclusions

• Equivalent constant is extremely accurate at 
predicting variable amplitude crack growth –
for all problems to date

• Adaptive RK algorithm to grow the crack is 
very effective (~20000 evaluations/sec)
• Capability to read beta tables provides an 

attractive method to incorporate a variety of 
crack models.

• The top 100 (or so) damaging realizations 
can be further examined for potential 
reanalysis
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