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Table of capabilities

Keep risk threshold method Shortest path method

Operates under a risk threshold 
constraint

• •

Inspection times are arbitrarily 
selected depending on time 
resolution indicated in SMART

• •

Inspection times are selected from 
user defined candidates inspection 
times

•

Performance with different types of 
inspections

•

Cost information set per type of 
inspection thru time is taking into 
account 

•
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Keep risk threshold
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Run Smart

Find time for threshold

Run Smart with inspections

Update .dat file

Time found?

Matlab
Code start

Code end
Threshold: 10−7

Matlab Code

SMART Code



Shortest Path Method
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Generate neuronal web with all 
possible branch combinations

Run Smart with inspections

Reject branch

Find the shortest path

POF under the 
threshold?

Matlab
Code start

Code end

Branch to 
evaluate?

Matlab Code

SMART Code
Neuronal Web 

Branch

Skip branches 
to evaluate

User define candidate 
inspection times



Shortest path formulation
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The decision tree G(V,A) is described by the set of vertices V and its corresponding set of arcs A.

𝐶 = Τ𝑐𝑖𝑗 𝑐𝑖𝑗 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑜𝑠𝑡 𝑜𝑓 𝑡𝑟𝑎𝑣𝑒𝑟𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑙𝑖𝑛𝑘 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑖 𝑎𝑛𝑑 𝑗

𝑋 = Τ𝑥𝑖𝑗 𝑥𝑖𝑗 𝑖𝑠 1 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 𝑜𝑓 𝑡𝑟𝑎𝑣𝑒𝑙 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑙𝑖𝑛𝑘 𝑖, 𝑗 𝑎𝑛𝑑 0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑉 = 𝑆𝑒𝑡 𝑜𝑓 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ

𝐴 = 𝑆𝑒𝑡 𝑜𝑓 𝑎𝑟𝑐𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ

Minimize



(𝑖,𝑗)∈𝐴

𝐶𝑖𝑗𝑋𝑖𝑗

subject to
If 𝐹𝑘 > 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑
then 𝑋𝑘𝑗 = 0, ∀ 𝑗

𝐶𝑖𝑗 = 𝑀

𝑋𝑖𝑗 ≤ 𝐹𝑖 , ∀ 𝑗

𝑥𝑖𝑗 ∈ {0,1}



Shortest Path - Single Inspection
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Insp 1 (5k)

Insp 2 (10k)

Insp 3 (15k)

Insp 4 (20k)

Insp 5 (25k)

No insp. Insp.

POFs for each branch / inspection schedule

32 SMART RunsThreshold: 10−5

User defined inspections at: 5k, 10k, 15k, 20k, and 25k

Branch (1,2,4,8,16,32)

Branch (1,3,6,12,25,51)

Visualization 
example



Shortest Path - Single Inspection
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Selected branch
(1,2,5,11,23,47)

Selected schedule [10000,15000,20000,25000]

Possible inspection times [5000:5000:25000]

Insp 1 (5k)

Insp 2 (10k)

Insp 3 (15k)

Insp 4 (20k)

Insp 5 (25k)

No insp. Insp.

32 SMART Runs

User defined inspections at: 5k, 10k, 15k, 20k, and 25k
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Selected branch
(1,3,10,31)

Selected schedule [10000,15000,25000]
Selected inspection type [2,2,2]

$$ Inspection 1 [ $0.3    $0.3    $0.3    $0.3 ]
$$ Inspection 2 [ $0.8    $0.8    $0.8    $0.8 ]

User defined inspections at: 10k, 15k, 20k, and 25k

Inspection and repair costs 
can be variable thru time

Insp 1 (10k)

Insp 2 (15k)

Insp 3 (20k)

No insp. Insp. 1 Insp. 2

27 SMART Runs

Possible inspection times [10000,15000,20000,25000]

Insp 4 (25k)

No insp.

Insp. 1

Insp. 2

Shortest Path - Single Inspection



Shortest path with branch skipping 
algorithm -
User defined inspections



Branches skipping algorithm
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Generate neuronal web with all 
possible branch combinations

Run Smart with inspections

Reject branch

Find the shortest path

POF under the 
threshold?

Code start

Code end

Branch to 
evaluate?

Matlab Code

SMART Code

Skip branches 
to evaluate

All branches evaluated
512

Without skipping algorithm

Threshold: 10−7

Necessary branches to evaluate
76

With skipping algorithm

Skipping algorithm 
filters up all possible 

scenarios 



(1)(2)(3)(4)(5)

Inspection Combination Matrix 
One Inspection Type
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3
28

6
27

9
26

12
25

15
24

18
23

21
22

24
21

27
20

(1) 0 0 0 0 0 0 0 0 0

(2) 0 0 0 0 0 0 0 0 1

(3) 0 0 0 0 0 0 0 1 0

(4) 0 0 0 0 0 0 0 1 1

(5) 0 0 0 0 0 0 1 0 0

: : : : : : : : :

( i ) Binary( i - 1 )

: : : : : : : : :

(512) 1 1 1 1 1 1 1 1 1

Schedule times (103 flight hours)

Sc
h

ed
u

le
 c

o
m

b
in

at
io

n
s

Possible inspection times [3000:3000:27000]

One inspection type  “Inspection or no inspection”    Base 2 numbers 

Number of possible inspections times: number of positions 
that will be fill with all the numerical combinations in base 2

(512)



(1)(2)(3)(4)(5)(6)(7)

Inspection Combination matrix 
Two Inspections Types
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3
38

6
37

9
36

12
35

15
34

18
33

21
32

24
31

27
30

(1) 0 0 0 0 0 0 0 0 0

(2) 0 0 0 0 0 0 0 0 1

(3) 0 0 0 0 0 0 0 0 2

(4) 0 0 0 0 0 0 0 1 0

(5) 0 0 0 0 0 0 0 1 1

(6) 0 0 0 0 0 0 0 1 2

(7) 0 0 0 0 0 0 0 2 0

: : : : : : : : :

(143) 0 0 0 0 1 2 0 2 1

( i ) Base3( i - 1 )

(19 683) 2 2 2 2 2 2 2 2 2

Schedule times (103 flight hours)

Sc
h

ed
u

le
 c

o
m

b
in

at
io

n
s

Possible inspection times [3000:3000:27000]

Number of possible inspections times: number of positions 
that will be fill with all the numerical combinations in base 3

Two inspection types    “Insp. type 1, insp. type 2 or no insp.”    Base 3 numbers 

(143)

(19 683)



(1)(33)(49)(57)(61)(62)

3 6 9 12 15 18 21 24 27

(1) 0 0 0 0 0 0 0 0 0

(33) 0 0 0 1 0 0 0 0 0

(49) 0 0 0 1 1 0 0 0 0

(57) 0 0 0 1 1 1 0 0 0

(61) 0 0 0 1 1 1 1 0 0

(62) 0 0 0 1 1 1 1 0 1

Reject and Skip Branches Evaluation 
One Inspection Type
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Schedule times (103 flight hours)

Sc
h

ed
u

le
 c

o
m

b
in

at
io

n
s

Possible inspection times [3000:3000:27000]

Reject all the 
inspections 
above risk 
level on the 
main branch

+1

+1

+1

+1

+1

First, POF without 
inspections

The code evaluates each 
new combination until 
get a feasible solution, 

which will be saved



(1)(244)(487)(496)(505)

3 6 9 12 15 18 21 24 27

(1) 0 0 0 0 0 0 0 0 0

(244) 0 0 0 1 0 0 0 0 0

(487) 0 0 0 2 0 0 0 0 0

(496) 0 0 0 2 0 0 1 0 0

(505) 0 0 0 2 0 0 2 0 0

Reject and Skip Branches 
Two Inspections Type
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Schedule times (103 flight hours)

Sc
h

ed
u

le
 c

o
m

b
in

at
io

n
s

Possible inspection times [3000:3000:27000]

Reject all the 
inspections 
above risk level 
on the main 
branch

+1

+1

+1

+1

POF without 
inspections

Feasible solution 
to be saved



(505)(514)
Any inspection added 
after 21k flight hours 
will make the branch 
feasible but more 
expensive

Feasible Branches Evaluation
Two Inspection Type
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3 6 9 12 15 18 21 24 27

(1) 0 0 0 0 0 0 0 0 0

(505) 0 0 0 2 0 0 2 0 0

(506) 0 0 0 2 0 0 2 0 1

(507) 0 0 0 2 0 0 2 0 2

(508) 0 0 0 2 0 0 2 1 0

(509) 0 0 0 2 0 0 2 1 1

(510) 0 0 0 2 0 0 2 1 2

(511) 0 0 0 2 0 0 2 2 0

(512) 0 0 0 2 0 0 2 2 1

(513) 0 0 0 2 0 0 2 2 2

(514) 0 0 0 2 0 1 0 0 0

Schedule times (103 flight hours)

Sc
h

ed
u

le
 c

o
m

b
in

at
io

n
s

Possible inspection times [3000:3000:27000]

POF curve for a 
feasible solution

Method will skip 
POF evaluations 
from 505 to 514
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Skipping Algorithm Validation
Single Inspection type

All combinations 
evaluated

With skipping 
algorithm

Same 
Schedule

Possible inspection times [3000:3000:27000]



Skipping Algorithm Validation
Multiple Inspection Type
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All combinations 
evaluated

With skipping 
algorithm

Same 
Schedule

Possible inspection times [3000:3000:27000]



Use Main Branch Approximation 
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The code will only use the 
main branch curve information



Main Branch Approximation 
Validation
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Without skipping algorithm With skipping algorithm 
With skipping algorithm and 

using main branch approximation

Possible inspection times [3000:3000:27000]
Selected inspection schedule [12000, 15000, 18000, 21000, 27000]

Calculation relative time: 10.5 Calculation relative time: 1Calculation relative time: 1.7 



Example



Input Data (I)
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Crack Growth Residual Strength 



Input Data (II)
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Variable Dist. Type mean St. Dev. Notes
Initial Crack Size Lognormal 0.00248 in 0.00129 Reamed Fastener Hole
Repair Crack Size Lognormal 0.00248 in 0.00129 Assuming Repair is Replacement of Part

Fracture Toughness Normal 26.0 ksi 2.0 7050-T651 Plate
EVD Gumbel 14.5 ksi 0.8

Inspections
Inspection 

Type
Material

Crack 
Type

Dist. Type
Mean 

[in] 
St. Dev. 

[in]
Source Cost

POD 1
Automated 

bolt hole eddy 
current

Aluminum T Lognormal 0.0179 0.0108
Aeronautical 

Applications of Non-
destructive

5x

POD 2
Eddy current 
sliding probe

Aluminum Overall Lognormal 0.0788 0.0302 NDE Capabilities Book 1x



Results
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1 1 2 2 2 2
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Bonus

Cross-Entropy Based Adaptive Importance 
Sampling for Probabilistic Damage Tolerance 

Analysis

AA&S 2020



Adaptive Cross Entropy 
Method

• Goal: minimize the Kullback-Leibler Cross Entropy 
• 𝒟 𝑔, ℎ = 𝔼𝑓∗ − ln

𝑓∗ 𝑋

ℎ 𝑋;𝜃
=  ln 𝑓∗ 𝑋 𝑓∗ 𝑋 d𝑥 −  ln ℎ 𝑋; 𝜃 𝑓∗ 𝑋 d𝑥

• 𝑓∗ 𝑋 is the estimated optimal sampling density 
• ℎ 𝑋; 𝜃 is a PDF with parameter vector 𝜃
• First integral involves only 𝑓∗ 𝑋 , so evaluates to a constant
• Maximizing the second integral yields the optimal parameter vector 𝜃∗

• Optimization problem
• − ln ⋅ is convex, so ideal for optimization

• 𝜃∗ = argmax
𝜃

1

𝑁
σ𝑖=1
𝑁 𝑓∗ 𝑥𝑖 ln ℎ 𝑥𝑖; 𝜃 ⟹ solve

1

𝑁
σ𝑖
𝑁 𝑓∗ 𝑥𝐼 𝛻𝜃 ln ℎ 𝑥𝑖; 𝜃 = 0

• Closed form solutions for many distributions, especially Natural Exponential 
Family

• For multivariate normal distribution: መ𝜃∗ = ො𝜇, Σ , ො𝜇 =
σ𝑖=1
𝑁 𝑓∗ 𝑥𝑖 𝑥𝑖
σ𝑖=1
𝑁 𝑓∗ 𝑥𝑖

, Σ =
σ𝑖
𝑁 𝑓∗ 𝑥𝑖 𝑥𝑖−ෝ𝜇

2

σ𝑖=1
𝑁 𝑓∗ 𝑥𝑖

• Converges after a finite number of iterations



Example Problem
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Geometry Deterministic(5 wide x 0.125 thick) in

Initial Crack Size Weibull(α=0.45, β=4.17e-5) in

Fracture Toughness Normal(μ=35.0, σ=3.5) ksi √in

log(Paris C) Normal(μ=-9.0, σ=0.08)

Paris n 3.8

Maximum Load Frechet(μ=13.4, σ=1.29, ξ=0.07) ksi

Betas from AFGROW

17 -

0 -

8.3 -



Results
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HyperGrow-SMART = 0.2hrs in 200 cores
Nasgro-SMART = 277 hrs in 200 cores
Imp. Samp. HyperGrow-SMART = 3 sec



• Finish the Shortest Path Method (SPM) 
implementation in SMART.

• Implement OpenMP and MPI to the SPM.

• Continue looking for alternatives to speed up the 
calculations (Still very slow).
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Future Work
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(505)(514)

Skip Evaluation for Feasible Branches
Two Inspection Type
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3 6 9 12 15 18 21 24 27

(505) 0 0 0 2 0 0 2 0 0

(514) 0 0 0 2 0 1 0 0 0

Schedule times (103 flight hours)

Current combination
Feasible

Possible inspection times [3000:3000:27000]

0 < 0 ?2 < 0 ?0 < 2 ?
To keep Zeros

Next combination 
to evaluate

+1


